Abstract. We formulate a geometric analogue of the Titchmarsh Divisor Problem in the context of abelian varieties. For any abelian variety A defined over Q, we study the asymptotic distribution of the primes of Z which split completely in the division fields of A. For all abelian varieties which contain an elliptic curve we establish an asymptotic formula for such primes under the assumption of GRH. We explain how to derive an unconditional asymptotic formula in the case that the abelian variety is a CM elliptic curve.
Introduction
Let τ (n) denote the number of divisors of the positive integer n and p denote a prime number. In 1931 Titchmarsh [23] + O x log log x log x , as x → ∞.
In 1961, Linnik [12] established the above asymptotic unconditionally by using his dispersion method. Later Rodriquez [18] and independently Halberstam [8] , by a straightforward application of the Bombieri-Vinogradov theorem, proved unconditionally the Titchmarsh conjectural asymptotic formula. In the special case a = 1 we have p≤x τ (p − 1) = ζ(2)ζ(3) ζ (6) x + O x log log x log x , where ζ(.) denotes the Riemann zeta function. It is immediate to see that where π(x; m, 1) = #{p ≤ x; p is prime and p ≡ 1 (mod m)} is the usual counting function for primes congruent to 1 modulo m. This allows us to make the following interpretation of Titchmarsh classical result. For each positive integer m and for each odd prime number p, we have that p ≡ 1 (mod m) if and only if p splits completely in the cyclotomic extension Q(µ m ) (where µ m is the set of all roots of unity of order dividing m). Also note that the prime 2 splits completely in Q(µ m ) if and only if m ∈ {1, 2}. So, essentially, in (1.1) we are counting each prime number p ≤ x for each occurrence of m ∈ N such that p splits completely in Q(µ m ). This interpretation of Titchmarsh's original result leads us to consider the more general problem for arbitrary families of Galois extensions. Let F = {F m ; m ∈ N} be a family of finite Galois extensions of Q. For each m, let D m be a union of conjugacy classes of Gal(F m /Q) and let τ F (p) be the number of m ∈ N such that p is unramified in F m /Q and the Artin symbol σ p belongs to D m . Suppose that τ F (p) < ∞ for each prime p. Then we have the following generalization of the Titchmarsh Divisor Problem.
Generalized Titchmarsh Divisor Problem: Study the behaviour of p≤x τ F (p) as x → ∞.
In the above generality, the problem is too unwieldy unless some constraints are imposed on the sizes of D m , at least. Thus, for the most part, it seems reasonable to first consider the case of D m = {Id}, i.e., when τ F (p) = #{m ∈ N; p splits completely in F m }. This will be the case for most of this paper (see Theorems 1.2 and 1.3). In Theorem 1.5 we will discuss a slightly more general case in which D m is a union of conjugacy classes of Gal(F m /Q) with the property that each σ ∈ D m restricts to a given morphism on a subextension E m ⊂ F m .
Next we consider an instance of the Generalized Titchmarsh Divisor Problem, which has geometric flavour and it is also closely connected with the original Titchmarsh conjecture. In this paper we answer completely the above question for abelian varieties which contain a dimension one abelian subvariety E, assuming that the Generalized Riemann Hypothesis holds for the Dedekind zeta function for each number field Q(A[m]). Note that any dimension one abelian variety is an elliptic curve. Furthermore, we show that a version of our theorem holds unconditionally when A = E is an elliptic curve with complex multiplication (CM).
We note the following connection between the classical Titchmarsh divisor problem and our abelian varieties analogue. In both cases, one studies the asymptotic behaviour of the number of primes p which split completely in the extensions of Q obtained by adjoining the torsion points of order dividing m of a given algebraic group. Indeed, in the original Titchmarsh divisor problem, the algebraic group is the multiplicative group G m , while in our problem, the algebraic group is the abelian variety itself.
In Section 3, we show the following further connection between our question and the classical Titchmarsh divisor problem. For a prime p of good reduction for the abelian variety A, let A p be the reduction modulo p of A. Let i A (p) be the largest positive integer m such that A p (F p ) contains a subgroup isomorphic to (Z/mZ) 2g , where g = dim(A). In Section 3 we show that τ (i A (p)) is a natural analogue of τ (p − 1); more precisely, we show that τ A (p) = τ (i A (p)) for each prime number p of good reduction for A. Therefore, the Titchmarsh divisor problem for abelian varieties reduces to studying p≤x τ (i A (p)).
We prove the following theorem.
Theorem 1.2. Let A be an abelian variety defined over Q, which contains a dimension one abelian subvariety E also defined over Q. If GRH holds for the Dedekind zeta function of each extension
We believe Theorem 1.2 holds in general, possibly with a less precise error term, i.e.
as x → ∞. However, we will explain in Remark 4.1 why our method of proof for Theorem 1.2 does not generalize to arbitrary abelian varieties. In the special case that A = E is a CM elliptic curve, one can prove unconditionally a slightly weaker version of Theorem 1.2; in this case we denote by τ E (p) := {m ∈ N; p splits completely in Q(E[m])}. Theorem 1.3. Let E be an elliptic curve defined over Q whose endomorphism ring End(E) is isomorphic with the ring of algebraic integers of an imaginary quadratic field K. Then
In the case of elliptic curves the proof of the asymptotic for p≤x τ E (p) is essentially the same as the proof of the asymptotic for the set of primes that never split completely in extensions Q(E[m]). (In the latter problem the constant in the main term contains a Möbius function, instead of 1.) So the proof of Theorem 1.3 follows essentially from [15, Section 6 ] (see also [1] ); For proving Theorem 1.3 we observe that since [15, Lemma 6] ) the study of primes of Q that split completely in Q(E[m]) can be reduced to the study of prime ideals of K that split completely in K(E[m]). On the other hand since the extension K(E[m])/K is abelian, we can use class field theory to show that the prime ideals of K which split completely in K(E[m]) belong to a bounded number of classes in the fm-ideal class group of K. Here f is the conductor of the Grössencharacter associated to E and m is the ideal generated by m in the ring of integers of K. Then one employs a version of the Bombieri-Vinogradov theorem for number fields to count the prime ideals in some fixed classes of the fm-ideal class group of K as m varies. The fact that the ring of integers of K has only a finite number of units plays a crucial role in the successful application of the Bombieri-Vinogradov theorem in a proof of Theorem 1.3.
Going in the opposite direction, one can prove easily under GRH the asymptotic for the set of primes p which never split completely in the extensions A m (see [ 
as x → ∞, where µ(m) is the usual Möbius function.
We would like to point out that although Theorem 1.4 and our conjectured asymptotic (1.2) for p≤x τ A (p) appear very similar to each other, however we are not able to adapt the proof of Theorem 1.4 to prove (1.2) . This is mainly due to the fact that in Theorem 1.4 we are dealing with the estimations of sums which are taken over square-free integers and such sums are amenable to application of sieve techniques, however to establish (1.2) we need to deal with sums which are taken over integers (both square-free and non square-free) and these sums are harder to estimate. So our variant of the Titchmarsh divisor problem for abelian varieties appears to be a technically more challenging problem.
We note that our Theorem 1.4 fits into the general framework established by Murty in [15] for studying the asymptotic of the set of primes which do not split in any extension from a given family of Galois extensions. Our Theorem 1.4 also can be considered as a higher dimensional analogue of the cyclicity question for elliptic curves (see [20] , [15] , and [4] ). Therefore, similar to the cyclicity question for elliptic curves, one may ask when is the density from our Theorem 1.4 positive, i.e. We believe that such a bound may be established for any abelian variety A. However, in Remark 4.1 we explain why our method does not apply for an arbitrary abelian variety A; so, in order to establish the conclusion of Theorem 1.2 without the extra assumption about A, one would need a new approach. Moreover, using the same approach outlined above we can prove the following generalization of Theorem 1.2. Note that for any elliptic curve E defined over Q, and for any m ∈ N, Gal(Q(E[m])/Q) embeds naturally into GL 2 (Z/mZ); we will fix such an embedding for the statement of our next result. Theorem 1.5. Let A be an abelian variety defined over Q, which contains a dimension one abelian subvariety E also defined over Q. Let δ be a real number in the interval [0, 1), and let a be a positive integer. For each m ∈ N, we let C m be a union of conjugacy classes in
For each prime number p we define
where for each prime p, we denote by σ p a lifting of the Frobenius in Gal(Q(A[m])/Q). Assuming the GRH and the Artin Holomorphy Conjecture (AHC) hold for each extension
.
Note that using estimate (3.1) together with the fact that |C m | m δ where δ < 1, we conclude that the infinite sum from Theorem 1.5 is convergent. As mentioned before, if End(A) = Z it is expected conjecturally (and also proven in many cases by Serre) 
We consider Theorem 1.5 as a generalization of Titchmarsh original problem of studying p≤x τ (p − a) for an arbitrary a. Indeed, the sum in Titchmarsh's divisor problem reduces to studying the asymptotic distribution of primes p whose corresponding Frobenius elements correspond to the map x → x a in the Galois group of the cyclotomic extension Q(µ m )/Q. An analogue of this condition in the geometric context of Theorem 1.5 is condition (ii)
The motivation for our paper comes in part from [10, Section 3] , where Kowalski studied the asymptotic behaviour of p≤x i E (p) (the sum is over the primes of good reduction for E) for an elliptic curve E; and also our motivation comes in part from the paper of Murty [15] where a related question is considered for families of Galois extensions. Our proof of Theorem 1.2 was inspired by the method employed by Cojocaru and Murty in [4] . We also found enlightening the papers of Duke and Tóth [6] and Duke [5] which study the primes p which split completely in Q (E[m] ). The plan of our paper is as follows. In Section 2, we introduce our notation. In Section 3 we present more background on abelian varieties and set up our problem, and then in Section 4 we prove Theorem 1.2. We conclude our paper by proving Theorem 1.5 in Section 5. tions. Also, the second author thanks David Masser for a conversation regarding the size of the Galois groups for division fields associated to abelian varieties.
Notation
The identity of any group G will be denoted simply by 1. For the cardinality of any finite set S, we will use alternatively the notation #S, or |S|. For any a ∈ N, we denote by ϕ(a) the Euler totient function.
For any abelian variety A, always a sum p f A (p) (for some function f A associated to A) represents a sum over all primes p of good reduction for A.
For two functions f (x) and g(x) = 0, we use the notation
| is uniformly bounded as x → ∞. Sometimes we will use the notation f (x) t g(x), or alternatively f (x) = O t (g(x)) to denote the dependence of the Oconstant only on the parameter t. On the other hand we use the notation f (x) = o(g(x)) if lim x→∞ |f (x)/g(x)| = 0. We also use the notation Li(x) for x 2 dt/ log t.
The Setup of our Problem for Abelian Varieties
We describe in detail our abelian varieties analogue of the Titchmarsh divisor problem. We start with preliminaries regarding abelian varieties (for a comprehensive treatment of abelian varieties see [14] ).
An abelian variety is a projective connected algebraic group. From now on, we assume A is an abelian variety defined over Q; for any number field K, we denote by A(K) the set of K-points of the abelian variety A. We claim that Theorem 3.1 yields the following lower bound for the degrees of our extensions Therefore, for all but finitely many primes p, there exists a canonical reduction A p of A modulo p, which is an abelian variety defined over F p of the same dimension as the dimension of A. Each such p is called a prime of good reduction; if a prime is not of good reduction, then we say that it is of bad reduction. Since there are only finitely many primes p of bad reduction, it suffices to prove Theorem 1.2 by restricting the sum p≤x τ A (p) over the odd primes of good reduction for A. We exclude p = 2 since later we will employ the condition that the prime p splits completely in Q(µ m ) if and only if p ≡ 1 (mod m), which holds as long as p > 2. Hence, from now on, implicitly all our sums over primes p are restricted to the odd primes of good reduction for the abelian variety A. The finite group A p (F p ) has 
Let e A (p) be the exponent of the finite group
is a subgroup of a group isomorphic to (Z/e A (p)Z) 2g , since A p [e A (p)] is itself isomorphic with a subgroup of (Z/e A (p)Z) 2g . Let i A (p) be the largest positive integer m such that there exists a subgroup of A p (F p ) isomorphic to (Z/mZ) 2g . In particular, this means that there exist
The following result establishes a close connection between the primes that split completely in A m and the divisors of i A (p) (the analogue of this statement for elliptic curves is well-known -see [15] and [6] ). Lemma 3.2 shows that our Titchmarsh Divisor Problem for Abelian Varieties is equivalent to the asymptotic study of the sum p≤x τ (i A (p)). We use the prime counting function π A (x; m) defined as in (1.3), and so, according to Lemma 3.2, we have
Note that in the above equality, we used the fact that i A (p) ≤ √ x + 1 for p ≤ x (see inequality 
where σ p is the Frobenius conjugacy class corresponding to p in Gal(K/Q). Then
where P (K/Q) is the set of rational primes which ramify in K, and the constant appearing in the O-notation is absolute and effectively computable. Moreover if we assume that both GRH and AHC hold for K/Q, then we have the following version of the above asymptotic with the improved error term.
where P (K/Q) is defined above, and the constant appearing in the O-notation is absolute.
We will use Proposition 3.3 for the extensions A m /Q and for the conjugacy class of the identity from Gal(A m /Q) (which obviously has only one element in it). Moreover, since we know that the only primes which may ramify in A m are either the primes dividing m, or the (finitely many) primes which are not of good reduction for A, we derive the following result. 
Proof. The conclusion follows immediately from Proposition 3.3 once we note that Gal(A m /Q) embeds naturally into GL 2g (Z/mZ) (by identifying each σ ∈ Gal(A m /Q) with its action on
Using Corollary 3.4 we establish the following result.
Corollary 3.5. Let η ∈ (1/4, 1/2), and let h(x) be any function satisfying
Then, working with the above notation and under the assumption of GRH, we have
Proof. Applying Corollary 3.4 for the range 1 ≤ m ≤ h(x), and also using estimate (3.1), we obtain (3.4). Indeed, the sum from the left hand side in (3.4) equals 
In the above computation, we may choose = 
Proof of Theorem 1.2
We continue with the notation as in Section 3.
Proof of Theorem 1.2. Using h(x) = x 1/3 /(log x) 1/3 in Corollary 3.5, we obtain
We will show that (4.1)
which will conclude the proof of Theorem 1.2. For proving estimate (4.1) we will use the fact that A contains a one dimensional abelian subvariety E defined over Q. As noted before, E is an elliptic curve. Now, if the prime p splits completely in A m (for some positive integer m), then p also splits completely in E m := Q (E[m] ). Furthermore, we may assume that p is a prime of good reduction for both A and E. Indeed, there are finitely many primes of bad reduction for A or E, and thus for m large (as in the sum from (4.1)), no prime of bad reduction for either A or E splits completely in Q(E[m]) because then p would split completely in Q(µ m ) (which may only happen if p ≡ 1 (mod m) for odd p, or if m ≤ 2 for p = 2). Therefore π A (x; m) ≤ π E (x; m) (where π E (x; m) is the prime counting function associated to E), and thus, in order to prove (4.1), it suffices to show that (4.2)
We prove (4.2) using the method employed in [4] . So, using Lemma 3.2 for the one dimensional abelian variety E, we conclude that if p ≤ x splits completely in 
where
Furthermore, since Q(µ m ) ⊂ E m , we obtain that if the odd prime p splits completely in E m , then p ≡ 1 (mod m) (since p must also split completely in Q(µ m )). Since p ≡ a E (p) − 1 (mod m 2 ) and also p ≡ 1 (mod m), then a E (p) ≡ 2 (mod m), and thus we have the following inequality: N (x; m, c) (4.4)
for m ≤ √ x + 1. Therefore, using (4.4) with x 1/3 /(log x) 1/3 < m ≤ √ x + 1, we obtain
as desired.
Remark 4.1. We expect that for any abelian variety (log x) 1/(2g+1) , one deduces that
The difficulty in establishing bound (4.5) for any arbitrary abelian variety A lies in the fact
. Therefore, our approach through congruences to estimate the tail of the series similar to (4.2) would not work for g > 1 since then the range for a in (4.3) would be too large.
Proof of Theorem 1.5
In order to prove Theorem 1.5 we employ the same strategy as in our proof of Theorem 1.2; however the key ingredient in this case will be the more refined error term in the Chebotarev density theorem as proved by Murty, Murty and Saradha [16] (see the second part of our Proposition 3.3). So, similarly as in the proof of Theorem 1.2, for each m ∈ N we define , for any > 0. Indeed, as observed before, condition (ii) of Theorem 1.5 yields that p ≡ a 2 (mod m) and thus m ≤ x as long as x > a 2 ; this justifies the range of the above sum. We will see later that actually we can reduce the above summation to the range m ≤ 2 √ x. For the range 1 ≤ m ≤ h(x) = (x/ log x) , for > 0. Now if δ ∈ [0, 2/3) we choose 0 < ≤ (2 − 3δ)/4 and if δ ∈ [2/3, 1) we choose = (1 − δ)/2. In the former case (latter case) the second (first) error term is dominant. This finishes the proof of Theorem 1.5.
